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By minimizing a thermodynamic-like potential, we unbiasedly sample the potential energy land-
scape of soft and frictionless spheres under constant shear stress. We obtain zero-temperature
jammed states under desired shear stresses and investigate their mechanical properties as a function
of the shear stress. As a comparison, we also obtain jammed states from the quasistatic-shear sam-
pling in which the shear stress is not well-controlled. Although the yield stresses determined by both
samplings show the same power-law scaling with the compression from point J , i.e. the jamming
transition point at zero temperature and shear stress, for finite size systems, the quasistatic-shear
sampling leads to a lower yield stress and a higher critical volume fraction of point J . The shear
modulus of jammed solids decreases when increasing the shear stress. However, the shear modulus
does not decay to zero at yielding. This discontinuous change of the shear modulus implies the dis-
continuous nature of the unjamming transition under nonzero shear stress, which is further verified
by the observation of a discontinuous jump of the pressure from jammed solids to shear flows. The
pressure jump decreases upon decompression and approaches zero at the critical-like point J , in
analogy with well-known phase transitions under external field. The analysis of force networks in
jammed solids reveals that the force distribution is more sensitive to the increase of the shear stress
near point J . The force network anisotropy increases with the shear stress. Weak particle contacts
near the average force and under large shear stresses exhibit asymmetric angle distribution.
PACS numbers: 61.43.-j
INTRODUCTION
Athermal particulate systems such as foams and gran-
ular materials undergo the jamming transition denoted
as point J when the packing density increases to a criti-
cal value[1−5]. This jamming transition is signified by the
sudden formation of rigidity to resist shear and compres-
sion, which resembles typical noncrystalline liquid-solid
transitions such as the glass transition and the yielding
of amorphous solids under shear. Compared to the glass
transition and yielding, the jamming transition at point
J seems simpler, due to the absence of dynamics. People
believe that there are common underlying mechanisms
for these different transitions, although they are driven
by different parameters, e.g. volume fraction (density)
φ for the jamming transition and glass transition, tem-
perature T for the glass transition, and shear stress σ
for the yielding, which have inspired the idea of unifying
these different transitions in the same framework of the
jamming phase diagram[1,2,6].
The standing of point J in the jamming phase diagram
is significant. It is the upper limit of the glass transition
of hard spheres and the ending point of the yielding of
jammed packings of repulsive particles in the zero shear
stress limit. Therefore, studying the jamming transition
at point J and properties of jammed solids at T = 0 will
definitely shed light on our understanding of noncrys-
talline liquid-solid transitions in general. As a unique
transition, the jamming transition at point J exhibits
unusual critical behaviors, which have received extensive
concerns in the past decade[7−24]. Most of previous stud-
ies have been focused on marginally jammed solids near
point J at T = 0 and σ = 0. Only recently, the influence
of applied shear stress on jamming has attracted some
attention. For instance, it has been shown that the criti-
cal volume fraction φc at point J moves to a higher value
when the jamming threshold is probed by quasistatically
sheared systems[8,25].
In addition to the jamming transition, how jammed
solids respond to applied shear stress is of great im-
portance to understanding the mechanical failure of
materials, especially granular materials. As is well
known, in granular materials, particle contacts consti-
tute a force network[26]. Due to the structural disor-
der, contact forces are spatially heterogeneous and show
a wide distribution[27−30]. It has been proposed that the
force network can be separated into two subnetworks, a
strong one with contact forces higher than the average
and a weak one otherwise. When being sheared, these
two subnetworks exhibit both geometric and mechanical
anisotropy which are interestingly complementary[31−33].
However, a concrete picture of the evolution of the force
network anisotropy with applied shear stress is still lack-
ing.
The major difficulty to study jamming under applied
shear stress is the lack of an efficient method to explore
the potential energy landscape and find local potential
energy minima under the constraint of constant shear
stress. In most of previous simulations, people applied
quasistatic shear by successively applying a step shear
strain followed by the energy minimization[25,34−38]. In
such an approach, the shear stress is not a well-controlled
2quantity, while in reality shearing is mostly triggered by
the shear force instead of the shear strain. Recently, we
reported an efficient method to find local potential en-
ergy minima under constant shear stress by minimizing
a thermodynamic-like potential[7]. This new method en-
ables us to generate jammed solids under desired shear
stress and thus study how their properties vary with the
shear stress by unbiasedly sampling the potential energy
landscape.
As briefly discussed in Ref. [7], compared to the unbi-
ased sampling of our new method, the quasistatic shear
tends to explore low-energy regions of the potential en-
ergy landscape. It is then interesting to know whether
and how these two approaches differ from each other in
the description of jamming under applied shear stress.
We use CS and QS to denote the constant shear stress
sampling and quasistatic-shear sampling. In this paper,
we are mainly concerned about the mechanical properties
of jammed solids under applied shear stress, including
the yield stress, shear modulus, and force networks, with
comparisons between the CS and QS samplings. The
structure of the paper is as follows. In Section 2, we in-
troduce the details of our simulation model and the two
samplings. In Section 3, we compare the QS sampling
with the CS sampling in the measurement of the critical
scaling of the yield stress. In Section 4, we discuss the dis-
continuous nature of the unjamming transition at σ > 0
by showing discontinuous change of the shear modulus
and pressure. In Section 5, we are focused on the shear
stress dependence of the force distribution and force net-
work anisotropy. We conclude our work in Section 6.
SIMULATION MODEL AND METHODS
Our systems are three-dimensional boxes with side
length L in all directions, which contain N frictionless
spheres. We apply Lees-Edwards boundary condition in
the z direction and periodic boundary conditions in both
x and y directions to mimic shearing[39]. The shear force
is applied in the x direction and the shear gradient is
in the z direction. To avoid crystallization, we use N/2
large and N/2 small particles with equal mass m and
a diameter ratio 1.4. The interaction potential between
particles i and j is harmonic:
Uij =
ǫ
2
(
1−
rij
dij
)2
Θ
(
1−
rij
dij
)
, (1)
where rij is their separation, dij is the sum of their radii,
and Θ(x) is the Heaviside function. We set the units of
mass, energy, and length to be m, ǫ, and small particle
diameter ds.
To perform the QS sampling, we start with 1000 dis-
tinct jammed states generated by minimizing the total
potential energy U = U(~r1, ~r2, ..., ~rN , γ = 0) of random
states using the fast inertial relaxation engine (FIRE)
minimization method[40]. A step shear strain ∆γ = 10−4
is then applied to these states, followed by the FIRE
minimization of U(~r1, ~r2, ..., ~rN , γ = ∆γ). The same pro-
cedure is repeated until the system is sheared up to a
unit strain γ = 1. The whole process therefore mimics
the shear flow in the zero shear rate limit. For each ini-
tial state, we obtain 10000 states under different shear
stresses. As shown in the inset to Fig. 1(a), every point
on the σ − γ curve represents a state sampled by the
QS sampling. Apparently, in the QS sampling, states
sampled are historically dependent and the shear stress
cannot be controlled. To investigate the shear stress de-
pendence of the states obtained by the QS sampling, we
just bin the shear stress using an interval ∆ and average
states with the shear stress lying in (σ −∆/2, σ +∆/2).
In order to obtain jammed states under desired shear
stress σ, we start with random states and minimize the
thermodynamic-like potential[7]
H(~r1, ~r2, ..., ~rN , γ) = U(~r1, ~r2, ..., ~rN , γ)− σγL
3, (2)
using FIRE minimization method. Eq. (2) is
the Legendre transformation of the potential energy
U(~r1, ~r2, ..., ~rN , γ) to change the control parameter from
the shear strain γ (QS sampling) to the shear stress σ
(CS sampling). By minimizing H , local potential energy
minima with a shear stress σ can be obtained, so we are
able to realize the CS sampling. Different from the QS
sampling in which the energy minimization is performed
under a fixed shear strain, the shear strain in the min-
imization of the CS sampling is changing. The shear
strain is initially set to be zero, which increases during
the minimization until a jammed state with the shear
stress σ is found. Since the initial states are randomly
selected, this CS sampling unbiasedly samples the poten-
tial energy landscape.
CRITICAL SCALING OF THE YIELD STRESS
In Ref. [7], we apply the CS sampling to measure
the probability of finding jammed states under constant
shear stress. At φ > φc, when the shear stress is small,
the probability is one, while it decays to zero when the
shear stress is large. We define the yield stress as the
shear stress at which the probability is 0.5. It is thus
the critical shear stress in the potential energy landscape
perspective, above which it is hard to find jammed states
able to sustain applied shear stress. The yield stress of
jammed systems with harmonic repulsion from the CS
sampling is linearly scaled with φ− φc.
In literature, the yield stress is usually defined in the
shear flow perspective, i.e. it is the average shear stress
in the zero shear rate limit. It can be obtained by fitting
the flow curve σ(γ˙) with empirical expressions[41], e.g.
Herschel-Buckley relation σ = σy + Aγ˙
α, where γ˙ is the
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FIG. 1: Shear stress σ versus the shear strain γ for jammed
solids consisting of N = 1024 particles at φ = 0.68 averaged
over 1000 independent runs of quasistatic shear. The inset
shows an example of a single QS run. (b) Volume fraction φ
dependence of the yield stress σy for systems with N = 64,
256, 1024, and 4096 from the top to the bottom. (c) and (d)
show the system size dependance of the fitting parameters
σ0,N and φc,N for the CS (circles) and QS (squares) samplings.
The lines are the fits to the data using the formula discussed
in the text.
shear rate, σy = σ(0) is the yield stress, and A and α are
fitting parameters. This yield stress can also be directly
measured from the QS sampling. Figure 1(a) shows σ(γ)
averaged over 1000 independent QS runs. A single QS
flow consists of lots of segments of elastic deformations
(linear increase of σ with γ) followed by a plastic event
(sudden stress drop), as shown in the inset to Fig. 1(a).
In average, the shear stress exhibits an initial increase
with γ before reaching a plateau. The yield stress is thus
defined as the plateau value of the shear stress.
Figure 1(b) shows the volume fraction and system size
dependence of the yield stress measured from the QS
sampling. The yield stress is linear in the volume fraction
well above point J : σy = σ0,N (φ− φc,N), where σ0,N
and φc,N are the fitting parameters. φc,N is also the av-
erage volume fraction of point J for finite systems with N
particles. In Figs. 1(c) and 1(d), we compare the system
size dependence of σ0,N and φc,N between the QS and
CS samplings. For both samplings, we fit σ0,N and φc,N
into σ0,N = σ0,∞ + aσN
−bσ and φc,N = φc,∞ − aφN
−bφ
with values of the fitting parameters shown in Table 1.
For finite size systems studied here, the yield stress
from the CS sampling is larger than the QS sampling.
The gap between the two yield stresses decreases when
the system size increases. The yield stress from the
CS sampling is by definition the maximum stress under
which jammed states can survive, while the yield stress
φc,∞ aφ bφ σ0,∞ aσ bσ
CS 0.649 0.137 0.457 0.018 0.082 0.363
QS 0.649 0.173 0.691 0.018 0.007 0.128
TABLE I: Fitting parameters of the power-law scaling of
φc,∞ − φc,N and σ0,N − σ0,∞ shown in Figs. 1(c) and 1(d).
from the QS sampling is the average stress of jammed
states under shear. For finite size systems, the yield
stress from the CS sampling measures the upper limit of
the stress fluctuations as shown in the inset to Fig. 1(a),
which explains the existence of the gap between the two
yield stresses. When system size increases, the stress
fluctuations decay, which lead to the decrease of the gap.
It is thus expected that in the thermodynamic limit the
two yield stresses are equal because stress fluctuations
vanish, as claimed as well in Ref. [42].
Figure 1(d) indicates that φc,N estimated from the QS
sampling is larger than the CS sampling. In Ref. [7], we
attribute it to the fact that the QS sampling tends to ex-
plore low-energy states, which is a demonstration of the
historic dependence of the QS sampling. For finite size
systems, the volume fraction of the jamming transition
at point J is not well-defined, but broadened to a dis-
tribution with a width w due to the finite size effect[2].
w decreases when increasing the system size and van-
ishes in the thermodynamic limit [2]. In the distribution,
the probability of finding jammed states PJ(φ) increases
from 0 to 1 when the volume fraction φ increases. For
unbiased samplings like the CS sampling, P (φ) = dPJ (φ)dφ
is approximately Guassian-like, and φc,N is the volume
fraction at which P (φ) is the maximum and the prob-
ability of finding jammed states is approximately 0.5.
However, because the QS sampling tends to explore low-
energy states, it is more likely to find unjammed states,
so the probability of finding jammed states being 0.5 is
pushed to a higher φc,N than the CS sampling. In the
thermodynamic limit, φc,∞ should be well-defined and
independent of ways of sampling, we thus expect that
φc,∞ are identical for both samplings. As shown in Fig.
1, we use the same φc,∞ and σ0,∞ for both the CS and
QS samplings and can indeed fit the data well.
DISCONTINUOUS UNJAMMING TRANSITION
AT σ > 0
When the applied shear stress increases to the yield
stress, marginally jammed solids are expected to be soft-
ened and unjam to shear flows. As discussed above, in
the thermodynamic limit, the yield stress vanishes at the
well-defined point J at φc,∞. Criticality of point J has
been widely discussed[7−24], although the nature of the
jamming transition at point J has not come to the con-
clusion. If we assume that point J is critical, the jamming
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FIG. 2: (a) Shear stress σ dependance of the shear modulus G
measured from the CS (circles) and QS (squares) samplings.
The systems are jammed solids consisting of N = 1024 par-
ticles at φ = 0.70. (b) Volume fraction dependence of the
pressure measured at σ = 10−3 for N = 1024 systems. Solid
and dashed curves are measured for the jammed solids and un-
jammed shear flows, respectively. The inset shows the shear
stress dependence of the pressure gap between unjammed and
jammed states, ∆p, at yielding for N = 1024 systems. The
line shows the relation ∆p ∼ σ2.
phase diagram in the σ−φ plane at T = 0 reminisces typi-
cal phase transitions like the paramagnetic-ferromagnetic
and superconducting transitions under external magnetic
field, in which the transition is critical in the absence of
the magnetic field while discontinuous when the field is
nonzero. Is the unjamming transition at σ > 0 also dis-
continuous?
In Fig. 2(a), we compare the shear moduliG of jammed
solids obtained from the CS and QS samplings under dif-
ferent shear stresses up to the yield stress. For both
samplings, the shear modulus decreases and the solid is
softened when the shear stress increases. Under the same
shear stress, the shear modulus from the QS sampling is
in general a little bit smaller than the CS sampling. This
is consistent with the fact that the QS sampling moves
φc,N to a higher value than the CS sampling. Because
the shear modulus is proportional to (φ−φc,N)
1/2 [2], at
the same volume fraction, the jammed solids from the QS
sampling are closer to point J and thus have a smaller
G. Figure 2(a) also shows that for both samplings the
shear modulus does not go to zero at yielding. When the
applied shear stress is higher than the yield stress, the
system flows for ever with G = 0, so there is a discontin-
uous change of the shear modulus from G > 0 to G = 0
at yielding when the yield stress σy > 0. This provides
an evidence that the unjamming transition at σ > 0 is
discontinuous.
Figure 2(b) shows another evidence of the discontinu-
ous unjamming transition at σ > 0. Under a fixed shear
stress σ, when the volume fraction increases, systems un-
dergo the jamming transition from unjammed (steadily
flowing) states to jammed solids at the crossover volume
fraction φy determined by σ = σy(φy). When φ < φy,
the CS sampling can also generate unjammed states un-
der the constant shear stress σ. We can then compare the
pressure of jammed solids with that of unjammed flowing
states at φy .
As shown in Fig. 2(b), there is a small discontinuity
in the pressure around φy . The pressure of unjammed
states is higher than that of jammed solids at φy . Note
that here we only take into account the excess part of
the pressure arising from particle interactions and ex-
clude the ideal gas contribution, because our CS mini-
mization is not a real dynamical process and does not
capture particle velocities. For unjammed states, if the
shear rate is zero at the yield stress, the ideal gas term
of the pressure is negligible. However, previous studies
have shown that, for viscoelastic shear flows driven by
constant shear stress, the critical shear rate at the yield
stress defined as the minimum shear stress below which
systems eventually cease flowing may not vanish for finite
size systems[42,43]. If then, there will be an ideal gas con-
tribution to the pressure of unjammed states at the yield
stress, which leads to an even larger pressure gap than
that shown in Fig. 2(b). In any case, the presence of the
pressure gap, although small compared to the pressure
itself, implies as well that the unjamming transition at
σ > 0 is discontinuous.
The inset to Fig. 2(b) shows the pressure gap, ∆p =
pu − pj, at yielding as a function of the shear stress for
N = 1024 systems, where pu and pj are pressures of un-
jammed and jammed states. Our data suggest a possible
relation ∆p ∼ σ2 ∼ p2 ∼ G4, which indicates the trend
of decreasing the gap with decreasing the shear stress.
This is consistent with the criticality of point J in the
thermodynamic limit and in analog with those conven-
tional phase transitions under external magnetic field.
Our study here presents some evidences to suggest the
discontinuous nature of the yielding (unajamming tran-
sition at σ > 0) of jammed states as a possible phase
transition. However, further investigations are required
to verify our suggestion with the key to find the correct
order parameter to characterize the transition.
ANISOTROPIC FORCE NETWORKS IN
JAMMED SOLIDS AT σ > 0
For jammed packings of grains, e.g. sand piles, con-
tact forces between grains form a spatially heterogeneous
force network. When subject to a load, the force network
becomes anisotropic and directional, forming percolating
force chains to support the load[32]. Jammed packings
of spheres near point J are typical model systems to
study force networks in granular materials. It has been
shown that the distribution of the contact force P (F ) in
jammed packings of frictionless spheres near point J in
general decreases when increasing the force with an expo-
nential decay at large F [27−30,33]. For systems with har-
monic repulsion, a maximum in P (F ) at small F emerges
when the jamming transition is approached from the un-
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FIG. 3: Contact force distributions P (F ) of jammed solids
consisting of N = 1024 particles at (a) φ = 0.65 and (b)
φ = 0.70 and different shear stresses labeled in the legends.
jammed side[27]. By applying the CS sampling to gen-
erate jammed solids under desired shear stresses, we are
able to explore statistically how the force distribution and
force network anisotropy evolve with the shear stress.
Figure 3 shows the evolution of the force distribution
with the shear stress at φ = 0.65 and 0.70, averaged over
10000 states for each stress. At both volume fractions,
there is a maximum in P (F ) at small F . However, the
maximum is more pronounced and shifts to a higher value
of F/ 〈F 〉 at φ = 0.70 than at φ = 0.65, with 〈F 〉 the av-
erage contact force. Moreover, the large F tail of P (F )
at φ = 0.65 is exponential, while it decays faster than
exponential at φ = 0.70 as already reported before[27].
The more remarkable difference between the two volume
fractions is their distinct response to the increase of the
applied shear stress. At φ = 0.65, when the shear stress
approaches the yield stress, the maximum at small F is
lowered and broadened, and P (F ) increases significantly
at large F . These indicate that there are more large force
contacts under larger shear stress. At φ = 0.70, however,
P (F ) is almost constant under all the shear stresses, so
the number of large force contacts does not change ap-
parently, unlike at φ = 0.65. The much stronger response
of P (F ) to the applied shear stress at φ = 0.65 than at
φ = 0.70 evidences the growth of the susceptibility, if the
susceptibility is defined as the response of P (F ) to the
applied shear stress. The susceptibility is directly linked
to the spatial correlation, assuming that the fluctuation-
dissipation theorem is satisfied, so the spatial correlation
is expected to grow approaching point J , implying again
the criticality of Point J. To verify this picture, more
thorough and intensive future work is needed to quantify
the volume fraction dependence of the susceptibility and
find out if it exhibits any critical scaling.
As suggested by previous studies[31−33], the average
contact force 〈F 〉 separates the force network of a jammed
solid into two subnetworks, a strong (F > 〈F 〉) and
a weak (F < 〈F 〉) ones. The strong network is load
bearing and percolating, while the weak one is dissipa-
tive and does not support the load. When subject to a
planar shear with the shear direction in the x direction
and shear gradient in the z direction, it is expected that
FIG. 4: Distribution of the angle θ of particle contacts, P (θ),
measured in four force windows: (a) [0, 0.005], (b) [0.005,
0.0115], (c) [0.0115, 0.015], and (d)[0.030, 0.040], for jammed
solids consisting of N = 1024 particles and at φ = 0.70. The
average force is 〈F 〉 = 0.0115. The five curves in each panel
are measured under different shear stresses with the values
shown in the legend. The inset to (a) illustrates the definition
of the angles θ and β.
the strong network consists of force chains aligned in the
x − z plane to resist the shear. To verify that and see
how the force network anisotropy evolve with the shear
stress, we show in Fig. 4 the distribution of the angle θ
defined in the inset to Fig. 4(a). For each contact, we
are concerned about two angles θ and β in the spheri-
cal coordinates, as illustrated in the inset to Fig. 4(a).
In Fig. 4, we are focused on the distribution of θ, P (θ),
satisfying
∫ 180◦
0◦
P (θ) sin(θ) dθ = 1, for contacts lying in
β ∈ [135◦, 225◦], which are mostly affected by the shear.
Near point J , the average force changes apparently
with the shear stress, as shown in Fig. 3, so the self-
averaging disappears [27]. Moreover, fluctuations be-
come larger approaching point J . Both effects lead to
uncertainties in the quantification of the force network
anisotropy. In Fig. 4, we demonstrate the evolution
of the force network anisotropy at φ = 0.70 because
the force distribution is almost independent of the shear
stress, so that we can be focused on the anisotropy with-
out being disturbed by other changes.
We divide the whole force network into many sub-
networks. In each subnetwork, the forces are within
the same force window. In Fig. 4, we show the evo-
lution of P (θ) with the shear stress in four force win-
dows. Panels (a) and (b) are below the average force
〈F 〉 ≈ 0.0115, while panels (c) and (d) are above. In-
terestingly, 〈F 〉 ≈ 0.0115 acts as a boardline. The gen-
6eral shape of P (θ) at F > 〈F 〉 is symmetric to that at
F < 〈F 〉 with respect to θ = 90◦. This validates the
use of 〈F 〉 to separate strong and weak contacts. For the
weak subnetworks with F ≪ 〈F 〉, there is a minimum
in P (θ) at θ ≈ 45◦, which decreases when increasing
the shear stress, while the majority of the weak contacts
point to a θ lying in (90◦, 180◦). For the strong sub-
networks with F ≫ 〈F 〉, the majority of the contacts
point to θ ≈ 45◦, indicating that the strong contacts
tend to form force chains perpendicular to weak contacts.
One may expect that the weak contacts mostly point to
θ ≈ 135◦, which is approximately true with a peak in
P (θ) at θ ≈ 135◦ when the forces are much smaller than
〈F 〉 and the shear stress is small, as shown in Fig. 4(a).
However, when F is close to 〈F 〉 and the shear stress
is large, the peak at θ = 135◦ splits into two peaks at
around 100◦ and 170◦, as shown in Fig. 4(b). Such a split
has not been observed before, which is more pronounced
with the increase of the shear stress. When the forces are
slightly larger than 〈F 〉, as shown in Fig. 4(c), the effect
of the split still exists and leads to an asymmetric P (θ)
as well under large shear stresses. The occurrence of the
split and its dependence on the shear stress is not triv-
ial, because it is robust near 〈F 〉 and under large shear
stresses, which deserves further investigations. When the
forces are much larger than 〈F 〉, Fig. 4(d) indicates that
those forces are more and more aligned in the principle
direction at θ = 45◦ when increasing the shear stress,
which should be the main supporters of the shear.
CONCLUSIONS
Following Ref. [7], we study mechanical properties of
jammed solids under constant shear stress and compare
the results from CS and QS samplings. All our analyses
are benefited from the CS sampling which can unbiasedly
explore the potential energy landscape under constant
shear stress and search for jammed solids under desired
shear stress. Although most of the analyses can be per-
formed using the QS sampling, we have demonstrated
that the QS sampling is biased and cannot accurately
control the shear stress and is thus awkward in the study
of shear stress dependence.
For finite size systems, the QS sampling leads to a
smaller yield stress and a larger average critical volume
fraction of the jamming transition at point J (T = 0
and σ = 0). In the thermodynamic limit, our analysis
suggests that the differences between the two samplings
vanish. By statistically measuring the shear modulus as
a function of the shear stress, we find that the shear mod-
ulus decreases with the increase of the shear stress. How-
ever, the shear modulus does not decay to zero at yield-
ing, implying the discontinuous nature of the unjamming
transition at σ > 0. The discontinuity is further verified
by the discontinuous jump of the pressure at yielding
from jammed solids to unjammed shear flows. The pres-
sure jump decreases when decreasing the shear stress and
shows the trend to vanish at point J when σ = 0, which
is analogous to typical phase transitions under external
field. Moreover, we investigate the evolution of the force
distribution and force network anisotropy. The force dis-
tribution shows weak shear stress dependence away from
point J , while it is sensitive to the change of the shear
stress near point J , again implying the criticality of point
J . When subject to a shear stress, strong contact forces
are aligned in the direction of θ = 45◦ to support the
shear, while weak forces distribute around θ = 135◦. In-
terestingly, when the forces are close to the average force
and the shear stress is large, the peak in the distribution
P (θ) at θ = 135◦ splits into two peaks, which leads to
an asymmetric P (θ). The underlying physics of this split
requires further investigations.
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